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ever, some relevant boundary-layer instability information is
available.

Hot-wire anemometry experiments have provided many de-
tails of the major disturbances found in planar and conical
laminar boundary layers and Ref. 6 contains some pertinent
data at a Mach number of 8. These experiments demonstrated
that the dominant disturbances in the laminar boundary layer
on a sharp cone at zero angle of attack at Mach 8 were
second-mode disturbances, the high frequency, acoustical-
type disturbances identified by Mack's linear stability analy-
ses.8'9 Numerical results10 for the laminar planar boundary
layer indicated that second-mode disturbances should also be
the major disturbances in the planar boundary layer. How-
ever, the hot-wire anemometry data demonstrated that this
was not the case. The major disturbances were low-frequency
disturbances that were growing in a frequency band that the
linear stability analysis indicated should be stable.6 These
Mach 8 planar results appear similar to the flat-plate results
obtained by Kendall11 at Mach numbers of 3.0, 4.5, and 5.6.
Kendall reported that "fluctuations of all frequencies were
observed to grow monotonically larger in the region of a
boundary layer extending from the flat-plate leading edge to
the predicted location of instability; i.e., in a region where no
growth was expected." This early growth of disturbances was
attributed to the strong sound field generated by the turbulent
boundary layer on the nozzle wall. Although stability theory
predicts that the second-mode instability will be the primary
instability at Mach numbers 4.5 and 5.6, Kendall found no
evidence to indicate a dominating presence of second-mode
waves. However, when testing with a cone model at MM = 8.5
(Me = 7.7), second-mode disturbances were the dominant dis-
turbances. Thus, these data (Refs. 6 and 11) indicate that for
planar boundary layers between Mach numbers 3 and 8, the
major disturbances are low-frequency disturbances that are
growing in a frequency band expected to be stable. This situa-
tion has never been observed in conical boundary layers.

It is interesting to note that cone transition data obtained in
ballistic ranges4'5 produced a unit-Reynolds-number slope
even steeper than the wind-tunnel planar slope. Intuitively, it
would seem that the different slopes of the transition Reynolds
number vs the unit-Reynolds-number data was a significant
point, but at this time one can only speculate as to the causes.
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Introduction

D IRECT numerical simulations of compressible turbulent
flows, at high Reynolds numbers with all scales resolved,

will probably not be possible in the foreseeable future, if ever
at all. Therefore, turbulence modeling will continue to play a
crucial role in the aerodynamic design of advanced aircraft. In
high-speed aerodynamic applications, near-wall turbulence
modeling is extremely important for the accurate prediction of
crucial design parameters such as the skin friction and heat
transfer coefficients. Despite its technological importance,
progress in near-wall turbulence modeling has been slow.
Many commonly used near-wall models, which contain a vari-
ety of ad hoc wall damping functions, are not asymptotically
consistent and yield poor predictions even for simple incom-
pressible boundary-layer flows.1 These deficiencies can be fa-
tal when turbulence models are applied to complex flows
where it is necessary to integrate the governing equations
directly to the wall. High-speed compressible flows present a
whole range of new problems to near-wall turbulence model-
ing. Shock/boundary-layer interactions with turbulence am-
plification and flow separation represent but two examples.
Two-dimensional equilibrium turbulent boundary layers are
less of a problem provided that the external Mach number M^
is less than 5. For such flows, it can be argued that the
turbulence statistics are only altered by compressibility effects
through changes in the mean density—the crux of the
Morkovin hypothesis2 which allows for the use of variable
density extensions of existing incompressible turbulence mod-
els where explicit dilatational terms are neglected. However,
even the ability of these models to reliably predict mean flow
properties in two-dimensional equilibrium boundary layers for
MO, > 5 has been recently called into question.3 For nonequi-
librium compressible flows involving shocks and hypersonic
speeds, the issue of near-wall turbulence modeling is even
more unsettled.4

This Note makes an attempt to verify that asymptotically
consistent near-wall modeling is crucial for the accurate pre-
diction of high-speed compressible flows. This is accom-
plished by invoking Morkovin's hypothesis2 in the extension
of the recent near-wall k-e model of So et al.5 to compressible
flows. The resulting compressible two-equation model is
tested for boundary-layer flows with M^ as high as 10 and
with wall cooling ratios Tw/Taw as low as 0.3.
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Two-Equation Turbulence Model
A detailed derivation of the compressible modeled equa-

tions to be considered herein has been given by Zhang et al.6
In terms of the Favre-averaged equations of motion, this
turbulence model can be summarized as follows:
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are the viscous stress, Reynolds stress, Reynolds heat flux, and
mass flux, respectively. In these equations, an over bar and
prime are used for the standard Reynolds decomposition
whereas an overtilde and dourle prime are used for the Favre
decomposition. The eddy viscosity is given by \LT - pC^K2/
es where K = T///2 is the turbulent kinetic energy and e5 is the
solenoidal part of the turbulent dissipation rate. The com-
pressible dissipation rate ec(e = es + ec) and the pressure di-
latation correlation/? 'u '/,/ are neglected along with turbulent
fluctuations in the viscosity JJL and specific heat Cp . The ideal
gas lawp = pR Tis used where R is the ideal gas constant. The
two wall damping functions /M and /2 are variable density
extensions of those proposed by So et al.5:
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Fig. 1 Comparison of calculated and measured mean profiles for the
Moo = 4.544, rw/JflW=1.0 case: a) standard log-law plot of mean
velocity; b) compressible law-of-the-wall plot; and c) linear plot of
mean temperature.
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Fig. 2 Comparison of calculated and measured mean profiles for the
Moo = 10.31, Tw/Taw = 1-0 case: a) standard log-law plot of mean
velocity; b) linear plot of mean velocity; and c) linear plot of mean
temperature.
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Fig. 3 Comparison of calculated and measured mean profiles for the
Moo = 5.29, Tw/Taw = 0.92 case: a) linear plot of mean velocity; and b)
linear plot of mean temperature.
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Fig. 4 Comparison of calculated and measured mean profiles for the
Moo = 8.18, Tw/Taw= 0.3 case: a) linear plot of mean velocity; and b)
linear plot of mean temperature.

where Rt = K2/ves, f& = exp[ - (tf,/64)2], e* = ex-2vK/y2
9

es= es - 2i>(V^),/(V^),/, v = p,/p9 ur = Vrw/pw, and
y + = yuT/v. The model constants are CM = 0.096, Cel = 1.5,
Ce2 = 1.83, ak = 0.75, ae = 1.45, and ap = 0.5; the turbulent
Prandtl number PrT is taken to be 0.9.

Discussion of Results
The k-e model outlined in the preceding section is used to

calculate compressible flat plate boundary layers on adiabatic
and cooled walls. The calculations are carried out over the
range, 0<Moo< 10, for the adiabatic wall boundary condition
and over the range 0< Tw/Taw < 1 for the constant cooled-wall
temperature condition. Comparisons are made with the mean
velocity and temperature profiles as well as with the reported
skin-friction coefficient, C/ = 2r^/(p00Ul,) drawn from Refs.
7 and 8. All calculations are carried out to the same momen-
tum thickness Reynolds number Re as the measurements and
the comparisons are made at these respective locations. Three
sets of data are chosen from Ref. 7. These are cases 53011302
and 73050504 with an adiabatic wall and case 59020105 with
Tw/Taw = 0.92. Moo for these cases are 4.544, 10.31, and 5.29,
respectively, and the corresponding Re are 5532, 15,074, and
3939. The fourth case with M00 = S . I S , Tw/Taw = 0.3, and
Re = 4600 is selected from Ref. 8. The mean profiles are also
compared with the A:-co calculations9 and with van Driest's
compressible law-of-the-wall.10

The results are plotted in Figs. 1-4 with each figure showing
the comparisons for a fixed M&. The mean velocities are
presented in two different forms; one in terms of wall vari-
ables, u + vs &i y^ , and another in terms of outer variables,
u/Uoo vs y/dr. Here, u + - u/uT, y + = yuT/vw and dr is the
measured boundary-layer thickness. The mean temperature is
plotted in the form of T/T^ vs y/dr. Whenever possible, the
calculated and measured C/, plus that determined from the
van Driest II formula,10 are listed in the figures for compari-
son. A traditional and compressible law-of-the-wall are also
shown for comparison in the figures. According to Ref. 10,
the compressible van Driest coordinate is defined by

The log-law is seen to hold true for all cases calculated using
both the k-e and k-u models (Figs. la,b and 2a) and the von
Karman constant K thus determined for the adiabatic wall

cases is essentially 0.41. For the cooled-wall case, the calcu-
lated K is not equal to 0.41 and varies from model to model.
Therefore, the semilog plots are not shown in Figs. 3 and 4.
All models considered yield calculations of C/ that are in
agreement with measured data and with van Driest II values.10

The maximum error in C/predictions is less than 4% (Figs, la
and 2a). Exceptions are the cooled-wall cases where the predic-
tions are much lower than measurements but higher than van
Driest II values (Figs. 3a and 4a). The velocity plots of uc

+ vs
&ij>J" for case 53011302 are compared with the compressible
law-of-the-wall10 in Fig. Ib. A line that is parallel to the
compressible law-of-the-wall can be drawn through a few of
the data points spanning over a narrow range of y+ . On the
other hand, the calculated profiles are in agreement with data
over a wider range of y+ when plotted in the form u + vs &i
y + . The slopes of the calculated profiles are roughly parallel
to that determined from measurements and are slightly larger
than the slope of the compressible law-of-the-wall shown.
Therefore, the slope of the log-law is given by 1/0.41 only
when the profiles are plotted in terms of u +. The present
results show that there are substantial discrepancies between
measurements and the profiles of u/U<* and T/T& calculated
using the k-w model (Figs. 2b, 3a,b, and 4a,b). The discrepan-
cies increase as Mm increases and as Tw/Taw decreases. One
reason is that, unlike the k-e model, the A:-co calculated <5 is
smaller than dr for M00<5 and much larger than dr for
Mo, = 10.31 (Fig. 2b). The same can also be said of the cooled-
wall cases (Figs. 3a and 4a), where large discrepancies exist
between A:-co calculations and measurements, particularly for
the case with Tw/Taw = 0.3. On the other hand, the disagree-
ment between k-e calculations and measurements appear to be
attributed to the assumption of a constant PrT. This can be
remedied by the adoption of a variable PrT model.11

In conclusion, the present results definitively show that,
contrary to recent speculations, a variable-density extension of
an asymptotically sound two-equation model of the k-e type
can accurately predict compressible boundary layers, with a
wide range of wall cooling ratios, for Mach numbers as large
as ten.
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Introduction

R OE'S approximate Riemann solver is very popular and
enables easy upwinding for general computational fluid

dynamics (CFD) problems. The main drawback with this
method is that nonphysical expansion shocks can occur in the
vicinity of sonic points. We recall that Roe's method1 for the
general hyperbolic system of conservation laws

dU dF(U)
dt dx

_
(D

consists in replacing the exact solution of local Riemann prob-
lems by the solution of the approximate linear hyperbolic
problem whose flux function is defined by

F(Uk, Uk+l ,Uk+l).(U-Uk)
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between the grid points Uk and Uk+ 1. The matrix A (C//, Ur) is
called a Roe-type linearization and is required to have the
following properties:

2)
3) A(Ui,Ur) has real eigenvalues and a complete set of

eigenvectors.
In the sequel, we assume that system (1) is hyperbolic and

admits a Roe-type linearization. We also assume that U is an
m -column vector and that the flux function F(U) is a vector-
valued function of m components. Let r/(£7) and X/(£/j denote
the eigenvectors and associated eigenvalues of the jacobian
dF(U). Similarly, let Ri(Ui,Ur) and Xf denote the eigenvectors
and associated eigenvalues of the matrix A(Ui,Ur).

There are several objections to the spreading devices classi-
cally used2'3 in order to cope with nonphysical solutions. In
both previous examples, the underlying idea is to give an a
priori representation of the solution. We present a new ap-
proach based on a nonlinear modification of the flux function.

Definition of the Modified Flux Function
Since problems occur at sonic points, we decide to modify

FR only at sonic points. Let w, denote the characteristic vari-
ables

In particular, we designate by a/ the characteristic variables
associated with the jump Ur—Ui. We define m intermediate
states:

Um = UrU0=U,, . . . , Uj = Uj-l

Let S be the set of sonic indices

S=iJ9\j(UJ.l)<Q<\j(Uj)}

We introduce the following modified flux function parameter-
ized by Ui and Ur :

FDM(Uh Ur, U) = h Ur)

where the gp are parameterized by the states (£/)/= i , . . . ,m and
are defined for «/ > 0 according to

if i !

if / € S, |

vw, = Xf • w

, w<0 or

and where /?/ is the unique Hermite polynomial of degree 3
defined by the conditions:

Note that X/(t//-i) and X/((7/) are the true eigenvalues of the
physical flux at the intermediate states Uf given by the Roe-
matrix A(Ui,Ur). Away from sonic points, FDM coincides with
the linearized Roe flux J7*. If the initial flux Fin Eq. (1) is at
least of class C1, and if the matrix A (Ui, Ur) is continuous with
respect to £// and Ur, then the modified flux FDM is a continu-
ous function of all three arguments.

Definition of the Modified Numerical Flux
Let Vitf be the unique entropy solution of the Riemann

problem
V)dV_ dFDM(Uh \

dt + dx •=0

K(x,0) =


